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014.02.0Abstract Recent developments in micro- and nano-satellites have attracted the interest of the
research community worldwide. Many colleges and corporations have launched their satellites in
space. Meanwhile, the space ﬂexible probe–cone docking system for micro- and nano-satellites
has become an attractive topic. In this paper, a dynamic model of a space ﬂexible probe–cone dock-
ing system, in which the ﬂexible beam technology is applied, is built based on the Kane method. The
curves of impact force versus time are obtained by the Lagrange model, the Kane model, and the
experimental method. The Lagrange model was presented in the reference and veriﬁed by both ﬁnite
element simulation and experiment. The results of the three methods show good agreements on the
condition that the beam ﬂexibility and the initial relative velocity change. It is worth mentioning
that the introduction of vectorial mechanics and analytical mechanics in the Kane method leads
to a large reduction of differential operations and makes the modeling process much easier than
that of the Lagrange method. Moreover, the inﬂuences of the beam ﬂexibility and the initial relative
velocity are discussed. It is concluded that the initial relative velocity of space docking operation
should be controlled to a certain value in order to protect the docking system.
ª 2014 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
The application of a ﬂexible beam into a space probe–cone
docking system is a novel docking concept. Both theoretical
and experimental research is still in the primary stage. A1 84512301.
om (X. Zhang), yiyong_h@
dt.edu.cn (X. Chen).
orial Committee of CJA.
g by Elsevier
ing by Elsevier Ltd. on behalf of C
20docking system with the effects of a ﬂexible beam considered
is a complicated rigid–ﬂexible coupling multi-body system.
The classical Newton–Euler vector mechanics is the ﬁrst
theory introduced to solve multi-body problems. However, it
is only for simple situations. Then, the Lagrange analytical
method, which gives an easy way to model multi-body systems,
is introduced. Based on the Lagrange method, Yoo and Shin1
derived the motion equations of a rotating cantilever beam.
Moreover, the modal characteristics of rotating cantilever
beams with a concentrated mass located in an arbitrary
position were investigated.2 Niu et al.3 developed a mathemat-
ical model of a beam using the Lagrange method in order to
calculate the electromagnetic control force. A ﬂexible docking
dynamic model built by Zhang et al.4 was also based on the
Lagrange method. However, the modeling process of theSAA & BUAA. Open access under CC BY-NC-ND license.
Fig. 1 Simpliﬁed space probe–cone docking model.
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tial operations. By taking advantage of vector mechanics and
analytical mechanics, the Kane method is presented. Compar-
ing with the Lagrange method, the introduction of vectorial
mechanics and analytical mechanics in the Kane method leads
to a large reduction of differential operations during the
dynamical modeling process. From then on, the Kane method
has been widely applied to solve multi-body problems. In 1998,
Esmailzadeh and Jalili5 presented a physically valid, non-linear
dynamic model based on the Timoshenko beam theory for
axial support motion using the Kane method. Pellicano and
Vestroni6 analyzed the dynamic behavior of a simply sup-
ported beam subjected to an axial transport of mass. Feng
and Hu7 established a set of nonlinear differential equations
using the Kane method for the planar oscillation of a ﬂexible
beam undergoing a large linear motion. Yoo et al.8,9 derived
the equations of beam motion by employing a linear hybrid
deformation modeling method along with the Kane method.
Cai et al.10,11 investigated the frequency characteristics of a
ﬂexible hub–beam system with an attached mass in an
arbitrary position using a ﬁrst-order approximation coupling
(FOAC) model, in which three kinds of damping were consid-
ered. In 2008, Liu12 ﬁnished his dissertation by investigating
the modeling theory and simulation technique of rigid–ﬂexible
coupling systems dynamics. In 2011, Bai13 investigated the
rigid–ﬂexible coupling dynamics and robust control of ﬂexible
multi-body spacecraft in his dissertation, which involved the
characteristics of complicated dynamics, system uncertainties,
input nonlinearity, external disturbances, and precision control
requirements.
The modeling methods for the coupled effects of a ﬂexible
beam and a rigid multi-body docking system, the equivalent
methods for the generalized coordinates of a ﬂexible beam,
are our major focus in this paper. The complexity and
difﬁculty of these problems make us be selective in other
aspects. Therefore, only the ﬁrst impact-contact process is
investigated in this paper. The purpose of this paper is to
propose a modeling method by which the transient response
of a ﬂexible beam in a docking process can be obtained. The
paper is organized as follows. Section 2 presents the detailed
modeling process of ﬂexible docking dynamics using the Kane
method. In Section 3, the Hertz contact model is introduced to
solve the docking impact problem. Section 4 gives the analysis
of simulation and experiment results. Finally, conclusions are
made in Section 5.Fig. 2 Force analysis of the docking cone.2. Docking dynamic model based on the Kane method
A simpliﬁed space probe–cone docking model is shown in
Fig. 1.4 In Fig. 1, iOj is the inertial coordinate system. O1 is
the mass center of chaser satellite and O2 is the mass center
of target satellite. i1O1 j1 is the body frame of chaser satellite
and x1 is its angle velocity. i2O2 j2 is the body frame of target
satellite and x2 is its angle velocity. In the model, the aims of
the chaser and target satellite counterweights are to simulate
their masses and principal inertia moments. The ﬂexible
docking probe is studied by using a linear elastic model. The
docking system will be departed as two sides, which are respec-
tively the docking probe side and the docking cone side.
Through this way, the impact force during the docking process
is easy to be considered in the dynamic model. Because thenormal and tangential directions of the impact force are easily
determined by the docking cone, analysis will be ﬁrstly devel-
oped from the docking cone.
2.1. Dynamic equations of the docking cone
Firstly, the force analysis of the docking cone is shown in
Fig. 2, in which the impact force has been decomposed as
the normal contact force FN and the tangential friction force
Fs.
In Fig. 2, b denotes the distance from impact point to the
inner edge of docking cone, R2 is the radius of the inner edge.
What c represents can be known easily through observing
Fig. 2. b is the included angle between cone generatrix and
axial direction of the cone, h2 is the angle between axis direc-
tion of target satellite and horizontal direction.
From Figs. 1 and 2, the displacement vector of the mass
center of the docking cone system in the inertial frame is
known as follows:
r2 ¼ u2iþ v2 j ð1Þ
where u2 and v2 are respectively its horizontal coordinate and
vertical coordinate.
The corresponding velocity vector is given by
_r2 ¼ _u2iþ _v2 j ð2Þ
The angular velocity vector is given by
_x2 ¼ _h2k ð3Þ
Fig. 3 Analysis of ﬂexible docking probe system.
250 X. Zhang et al.where k is the unit vector that is perpendicular to the iOj plane
following the right-hand rule.
Under plane condition, there are three freedoms in the
docking cone system. Therefore, three variables ( _u2; _v2; _h2)
are chosen as its independent speed variables.
The partial velocity relative to _u2 is deﬁned as
U 0o2u2 ¼ i ð4Þ
The partial velocity relative to _v2 is deﬁned as
U 0o2v2 ¼ j ð5Þ
(3) The partial velocity relative to _h2 is deﬁned as
W 02h2 ¼ k ð6Þ
Because the normal contact force FN and the tangential
friction force Fs are loaded on the inner cone, they should be
translated to the system mass center in the Kane analysis pro-
cess. There is an additional moment vector appearing in the
translation of the principal force vector.
The principal force vector in Fig. 2 can be given by
Fo2 ¼ FN sinðh2 þ bÞ þ Fs cosðh2 þ bÞ½ i
þ FN cosðh2 þ bÞ þ Fs sinðh2 þ bÞ½ j ð7Þ
The additional moment vector can be given by
Mo2 ¼ FNðbþ R2 sin bþ c cosbÞ  Fsðc sinb R2 cosbÞ½ k
ð8Þ
Then, the generalized active forces relative to the three
independent speed variables are obtained as follows:
(1) The generalized active force relative to _u2 is deﬁned as
Ko2u2 ¼ Fo2U 0o2u2 ð9Þ
(2) The generalized active force relative to _v2 is deﬁned as
Ko2v2 ¼ Fo2U 0o2v2 ð10Þ
(3) The generalized active force relative to _h2 is deﬁned as
Ko2h2 ¼Mo2W 02h2 ð11Þ
In order to solve the generalized inertia forces, the inertia
force vector and the inertia moment vector must be obtained
ﬁrstly. The principal inertia moment of the docking cone is
deﬁned as I2. The acceleration vector at the mass center is
given by
ao2 ¼ €r2 ¼ €u2iþ €v2 j ð12Þ
The inertia force vector can be gotten by
Ro2 ¼ m2ao2 ð13Þ
where m2 is the mass of target satellite.
The inertia moment vector can be gotten by
Lo2 ¼ I2€h2k ð14Þ
Then, the generalized inertia forces relative to the three
independent speed variables are obtained as follows:
(1) The generalized inertia force relative to _u2 is
Ko2u2 ¼ Ro2U 0o2u2 ð15Þ
(2) The generalized inertia force relative to _v2 is
Ko2v2 ¼ Ro2U 0o2v2 ð16Þ
(3) The generalized inertia force relative to _h2 isKo2h2 ¼ Lo2W 02h2 ð17Þ
Finally, the Kane equations are obtained as follows:
Ko2u2 þ Ko2u2 ¼ 0
Ko2v2 þ Ko2v2 ¼ 0
Ko2h2 þ Ko2h2 ¼ 0
8><
>: ð18Þ
The detailed expressions of the Kane equations of the dock-
ing cone system can be written as follows:
m2€u2  FN sinðh2 þ bÞ  Fs cosðh2 þ bÞ ¼ 0
m2€v2 þ FN cosðh2 þ bÞ  Fs sinðh2 þ bÞ ¼ 0
I2€h2  FNðbþ R2 sinbþ c cos bÞ þ Fsðc sin b R2 cos bÞ ¼ 0
8><
>:
ð19Þ2.2. Dynamic equations of the docking probe system
The docking probe system is a rigid–ﬂexible coupling multi-
body system, which includes the counterweight of the chaser
satellite, the ﬂexible beam, and the tip mass at the top of the
ﬂexible beam, as is shown in Fig. 3. Their contributions to
the Kane equations will be discussed respectively.
In Fig. 3, the length and the radius of ﬂexible beam are
respectively deﬁned as l and r. h1 is the angle between axis
direction of chaser satellite and horizontal direction, a is the
distance between the end of ﬂexible beam and mass centre of
the chaser satellite. It is assumed that the deformation of
ﬂexible beam is still consistent with the little deformation
assumption. The point Q0 in the principal axis which has a dis-
tance of x away from the end of probe will move to Q when the
deformation happens, and its axial and lateral displacements
are respectively u(x, t) and v(x, t). To describe the dynamic
characteristic of the ﬂexible docking probe, the assumed modes
method is introduced. The lateral deﬂection is given by
vðx; tÞ ¼
Xn
i¼1
/iðxÞqiðtÞ ð20Þ
where /i(x) is the mode function of ﬂexible beam, qi(t) is its
modal coordinates, n is the modal exponent number.
The axial deformation of the ﬂexible beam is ignored
because of the usage of the Euler–Bernoulli beam model.14
The relationship between the axial displacement u(x, t) and
the lateral deﬂection can be expressed as
uðx; tÞ ¼  1
2
Z x
0
@vðr; tÞ
@r
 2
dr ð21Þ
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tem are deﬁned as _u1, _v1, _h1, _q1, _q2; . . . ; _qn. The generalized active
and inertia forces relative to these n+ 3 variables are solved
by four steps as follows.
2.2.1. Contributions of the counterweight
From Figs. 1 and 3, the displacement vector of o1 in the inertia
frame can be given by
r1 ¼ u1iþ v1 j ð22Þ
where u1 and v1 are respectively its horizontal coordinate and
vertical coordinate.
The corresponding velocity vector is given by_r1 ¼ _u1iþ _v1 j ð23ÞThe corresponding acceleration vector is given byao1 ¼ €r1 ¼ €u1iþ €v1 j ð24ÞThe angular velocity vector is given by_x1 ¼ _h1k ð25Þ
The partial velocity relative to _u1 is deﬁned asU 0o1u1 ¼ i ð26Þ
The partial velocity relative to _v1 is deﬁned asU 0o1v1 ¼ j ð27ÞThe partial velocity relative to _h1 is deﬁned asW 01h1 ¼ k ð28Þ
From Eqs. (22), (23), (25), it is known that all of the partial
velocities of the counterweight relative to _q1; _q2; . . . ; _qn are
zero. What is more, under the condition of space microgravity,
the external active force and moment are both zero. They can
be expressed as
Fo1 ¼ 0;Fo1 ¼ 0 ð29Þ
Therefore, the contributions of the counterweight to the
generalized active forces are all zero, i.e.,
Ko1u1 ¼ Ko1v1 ¼ Ko1h1 ¼ Ko1qi ¼ 0 ði ¼ 1; 2; . . . ; nÞ ð30Þ
Then, the inertia force vector can be obtained by
Ro1 ¼ m1ao1 ð31Þ
The inertia moment vector can be obtained by
Lo1 ¼ I1€h1k ð32Þ
The contributions of the counterweight to the generalized
inertia forces are obtained as
Ko1u1 ¼ Ro1U0o1u1 ¼ m1€u1
Ko1v1 ¼ Ro1U0o1v1 ¼ m1€v1
Ko1h1 ¼ Lo1W01h1 ¼ I1€h1
Ko1qi ¼ 0 ði ¼ 1; 2; . . . ; nÞ
8>><
>>:
ð33Þ2.2.2. Contributions of the tip mass
The function of the docking ball, which is simpliﬁed as the tip
mass, is for locking operation after successful docking. Its
movement will be treated as the same as the end of the ﬂexible
beam. Therefore, it will not increase the number of system
freedoms.
The displacement vector of the tip mass in the inertia frame
can be given by
rT ¼ ½u1 þ ðaþ lþ uðl; tÞÞ cos h1  vðl; tÞ sin h1i
þ ½v1 þ ðaþ lþ uðl; tÞÞ sin h1 þ vðl; tÞ cos h1 j ð34Þ
The corresponding velocity vector is given by
_rT ¼ ½ _u1 þ _uðl; tÞ cos h1  ðaþ lþ uðl; tÞÞ _h1 sin h1
 _vðl; tÞ sin h1  vðl; tÞ _h1 cos h1iþ ½ _v1 þ _uðl; tÞ sin h1
þ ðaþ lþ uðl; tÞÞ _h1 cos h1 þ _vðl; tÞ cos h1
 vðl; tÞ _h1 sin h1 j ð35Þ
The corresponding acceleration vector is given by
aT ¼ €rT
¼ ½€u1 þ €uðl; tÞ cos h1  2 _uðl; tÞ _h1 sin h1  2 _vðl; tÞ _h1 cos h1
 ðaþ lþ uðl; tÞÞ€h1 sin h1  €vðl; tÞ sin h1
 ðaþ lþ uðl; tÞÞ _h21 cos h1 þ vðl; tÞ _h21 sin h1
 vðl; tÞ€h cos h11iþ ½€v1 þ €uðl; tÞ sin h1 þ 2 _uðl; tÞ _h1 cos h1
 2 _vðl; tÞ _h1 sin h1 þ ðaþ lþ uðl; tÞÞ€h cos h11
 ðaþ lþ uðl; tÞÞ _h21 sin h1 þ €vðl; tÞ cos h1
 vðl; tÞ _h21 cos h1  vðl; tÞ€h1 sin h1 j ð36Þ
Then, the partial velocities of the tip mass relative to the
independent speed variables can be obtained.
(1) The partial velocity relative to _u1 is deﬁned as
UTu1 ¼ i ð37Þ
(2) The partial velocity relative to _v1 is deﬁned as
U0Tv1 ¼ j ð38Þ
(3) The partial velocity relative to _h1 is deﬁned as
U0Th1 ¼ f½aþ lþ uðl; tÞ sin h1  vðl; tÞ cos h1gi
þ f½aþ lþ uðl; tÞ cos h1  vðl; tÞ sin h1gj ð39Þ
(4) The partial velocities relative to _qi ði ¼ 1; 2; . . . ; nÞ are
deﬁned as
U0Tqi ¼ 
Z l
0
Xn
j¼1
/0jðxÞqjðtÞ
 !
/0iðxÞdx
" #
cosh1/iðxÞsinh1
( )
i
þ 
Z l
0
Xn
j¼1
/0jðxÞqjðtÞ
 !
/0iðxÞdx
" #
sinh1þ/iðxÞcosh1
( )
j
ð40Þ
To the tip mass, the external active and inertia moments are
both zero. Therefore, the external active force and moment
vectors can be expressed as
FT ¼ Fo2 ;MT ¼ 0 ð41Þ
The inertia force and moment can be written as
RT ¼ mTaT;LT ¼ 0 ð42Þ
252 X. Zhang et al.Then, the contributions of the tip mass to the generalized
active forces are
KTu1 ¼ FTU 0Tu1
KTv1 ¼ FTU 0Tv1
KTh1 ¼ FTU 0Th1
KTqi ¼ FTU 0Tqi ði ¼ 1; 2; . . . ; nÞ
8>>>><
>>>:
ð43Þ
The detailed expressions of Eq. (43) are given as follows:
KTu1 ¼ FN sinðh2 þ bÞ  Fs cosðh2 þ bÞ ð44Þ
KTv1 ¼ FN cosðh2 þ bÞ  Fs sinðh2 þ bÞ ð45Þ
KTh1 ¼ FN½ðaþ lþ uðl; tÞÞ cosðh2 þ b h1Þ þ vðl; tÞ
 sinðh2 þ b h1Þ þ Fs½vðl; tÞ cosðh2 þ b h1Þ
 ðaþ lþ uðl; tÞÞ sinðh2 þ b h1Þ ð46Þ
KTqi ¼ FN
Z l
0
Xn
j¼1
/0jðxÞqjðtÞ
 !
/0iðxÞdx
" #
sinðh2 þ b h1Þ
(
þ/iðxÞ cosðh2 þ b h1Þ
)
þ Fs
Z l
0
Xn
j¼1
/0jðxÞqjðtÞ
 !
/0iðxÞdx
" #
cosðh2 þ b h1Þ
(
/iðxÞ sinðh2 þ b h1Þ
)
ð47Þ
The contributions of the tip mass to the generalized inertia
forces are
KTu1 ¼ RTU 0Tu1
KTv1 ¼ RTU 0Tv1
KTh1 ¼ RTU 0Th1
KTqi ¼ R

TU
0
Tqi
ði ¼ 1; 2; . . . ; nÞ
8>>><
>>>:
ð48Þ
The detailed expressions of Eq. (48) are as follows:
KTu1 ¼ mT €u1  ½ðaþ lþ uðl; tÞÞ sin h1 þ vðl; tÞ cos h1€h1
n
2ð _uðl; tÞ sin h1 þ _vðl; tÞ cos h1Þ _h1½ðaþ lþ uðl; tÞÞ cos h1
vðl; tÞ sin h1 _h21 þ €uðl; tÞ cos h1  €vðl; tÞ sin h1
o
ð49Þ
KTv1 ¼ mT €v1 þ ½ðaþ lþ uðl; tÞÞ cos h1  vðl; tÞ sin h1€h1
n
þ2ð _uðl; tÞ cos h1  _vðl; tÞ sin h1Þ _h1½ðaþ lþ uðl; tÞÞ sin h1
þvðl; tÞ cos h1 _h21 þ €uðl; tÞ sin h1 þ €vðl; tÞ cos h1
o
ð50Þ
KTh1 ¼mT ½ðaþ lþuðl;tÞÞsinh1 vðl;tÞcosh1€u1f
þ½ðaþ lþuðl; tÞÞcosh1 vðl;tÞsinh1€v1þððaþ lþuðl;tÞÞ2
þ v2ðl; tÞÞ€h1þ2½ _uðl;tÞðaþ lþuðl;tÞÞ
þ _vðl; tÞvðl;tÞ _h1€uðl;tÞvðl; tÞþ €vðl; tÞðaþ lþuðl; tÞÞg ð51ÞKTqi ¼mT 
Z l
0
Xn
j¼1
/0jðxÞqjðtÞ
 !
/0iðxÞdx
" #
cosh1/iðlÞsinh1
( )
€u1
(
þ 
Z l
0
Xn
j¼1
/0jðxÞqjðtÞ
 !
/0iðxÞdx
" #
sinh1þ/iðlÞcosh1
( )
€v1
þ ðaþ lþuðl; tÞÞ/iðlÞþ vðl; tÞ
Z l
0
Xn
j¼1
/0jðxÞqjðtÞ
 !
/0iðxÞdx
" #
€h1
þ2 _uðl; tÞ/iðlÞþ _vðl; tÞ
Z l
0
Xn
j¼1
/0jðxÞqjðtÞ
 !
/0iðxÞdx
" #
_h1
þ ðaþ lþuðl; tÞÞ
Z l
0
Xn
j¼1
/0jðxÞqjðtÞ
 !
/0iðxÞdx vðl; tÞ/iðlÞ
" #
_h21
€uðl; tÞ
Z l
0
Xn
j¼1
/0jðxÞqjðtÞ
 !
/0iðxÞdxþ €vðl; tÞ/iðlÞ
)
ð52Þ2.2.3. Contributions of the ﬂexible beam
In Fig. 3, it is supposed that point Q moves to point Q 0 in the
docking process. The displacement vector of point Q 0 in the
inertia frame is given by
rðx; tÞ ¼ ½u1 þ ðaþ xþ uðx; tÞÞ cos h1  vðx; tÞ sin h1i
þ ½v1 þ ðaþ xþ uðx; tÞÞ sin h1 þ vðx; tÞ cos h1 j ð53Þ
The corresponding velocity vector is given by
Vðx; tÞ ¼ _rðx; tÞ
¼ ½ _u1 þ _uðx; tÞ cos h1  ðaþ xþ uðx; tÞÞ _h1 sin h1
 _vðx; tÞ sin h1  vðx; tÞ _h1 cos h1i
þ ½ _v1 þ _uðx; tÞ sin h1 þ ðaþ xþ uðx; tÞÞ _h1 cos h1
þ _vðx; tÞ cos h1  vðx; tÞ _h1 sin h1 j ð54Þ
The corresponding acceleration vector is given by
_aðx; tÞ¼€rðx; tÞ¼ €u1þ €uðx;tÞcosh12 _uðx;tÞ _h1 sinh1
h
2 _vðx; tÞ _h1 cosh1ðaþxþuðx; tÞÞ€h1 sinh1€vðx;tÞsinh1
ðaþxþuðx;tÞÞ _h21 cosh1þ vðx; tÞ _h21 sinh1
vðx; tÞ€h1 cosh1
i
iþ €v1þ €uðx; tÞsinh1þ2 _uðx;tÞ _h1 cosh1
h
2 _vðx; tÞ _h1 sinh1þðaþxþuðx;tÞÞ€h1 cosh1
ðaþxþuðx;tÞÞ _h21 sinh1þ €vðx;tÞcosh1
vðx; tÞ _h21 cosh1 vðx;tÞ€h1 sinh1
i
j ð55Þ
(1) Contributions of the ﬂexible beam to the generalized
active forces.
The contributions of the ﬂexible beam to the generalized
active forces are determined by the strain energy of the ﬂexible
beam in the docking process. The generalized active force is the
partial derivative of the strain energy to each independent
speed variable.
The strain energy of the ﬂexible beam is given by15,16
U ¼ 1
2
E1A
Z l
0
@u
@x
 2
dxþ 1
2
E1J
Z l
0
@2v
@x2
 2
dx ð56Þ
where E1 is the elastic modulus of the beam, A is the cross-sec-
tional area of the beam, J is the sectional inertia moment of
ﬂexible beam.
The generalized active forces can be obtained by
Modeling of a space ﬂexible probe–cone docking system based on the Kane method 253Kfu1 ¼ 
@U
@u1
Kfv1 ¼ 
@U
@v1
Kfh1 ¼ 
@U
@h1
Kfqi ¼ 
@U
@qi
ði ¼ 1; 2; . . . ; nÞ
8>>>>>><
>>>>>>:
ð57Þ
The detailed expressions of Eq. (57) can be obtained as
Kfu1 ¼ 0 ð58Þ
Kfv1 ¼ 0 ð59Þ
Kfh1 ¼ 0 ð60ÞKfqi ¼ 
1
2
E1A
Z l
0
Xn
j¼1
/0jðxÞqjðtÞ
 !3
/0iðxÞdx
 E1J
Z l
0
Xn
j¼1
/00j ðxÞqjðtÞ
 !
/00i ðxÞdx ði ¼ 1; 2; . . . ; nÞ ð61Þ(2) Contributions of the ﬂexible beam to the generalized
inertia forces.
The contributions of the ﬂexible beam to the generalized
inertia forces are determined by the deﬁnition of the general-
ized inertia forces in the Kane method. Moreover, the equa-
tions of the generalized inertia forces should be transformed
into an integral pattern because of the fact that the ﬂexible
beam is a continuous elastomer.8
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R l
0
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
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where q is the density of docking probe.
The detailed expressions of Eq. (62) can be written as
follows:
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Z l
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dx ð66Þ2.2.4. Kane equations of the docking probe system
The Kane equations of the docking probe system can be ob-
tained by considering contributions of the counterweight, the
tip mass, and the ﬂexible beam. Because the detailed expres-
sions of these Kane equations are highly complicated, we just
give their basic expressions in this paper. They are shown as
follows:
Ko1u1 þ KTu1 þ Kfu1 þ Ko1u1 þ KTu1 þ Kfu1 ¼ 0
Ko1v1 þ KTv1 þ Kfv1 þ Ko1v1 þ KTv1 þ Kfv1 ¼ 0
Ko1h1 þ KTh1 þ Kfh1 þ Ko1h1 þ KTh1 þ Kfh1 ¼ 0
Ko1qi þ KTqi þ Kfqi þ Ko1qi þ KTqi þ Kfqi ¼ 0 ði ¼ 1; 2; . . . ; nÞ
8>><
>>:
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Finally, the Kane equations of the whole docking system
can be obtained by joining Eqs. (19) and (67) together. From
the dynamical modeling process above, it can be known that
the Kane method has indeed less differential operations than
the Lagrange method. The main reason lies in that the Kane
method combines the advantages of vectorial mechanics and
analytical mechanics. Compared with the Lagrange method,
the introduction of vectorial mechanics and analytical mechan-
ics in the Kane method leads to a large reduction of differential
operations. Therefore, the dynamical modeling process of the
Kane method is much easier than that of the Lagrange method
presented in Ref. 4.
3. Hertz contact model during the docking impact process
The impact contact between the probe and the cone happens
on the condition that the intrusion is under zero (dN 6 0).
The impact force FN is given by:
4,17,18
FN ¼ Fk þ Fd ð68Þ
where Fk is the spring restoring force, and Fd is the damping
force.
The spring restoring force Fk is determined by the Hertz
contact theory:19
254 X. Zhang et al.Fk ¼ 4E
 ﬃﬃﬃﬃﬃRep
3F
3=2
2 ðeÞ
d3=2N ð69Þ
where
F2ðeÞ ¼ 2p
bc
ac
 1
2ðF1ðeÞÞ

1
3KðeÞ ð70Þ
F1ðeÞ ¼ 4pe2
bc
ac
 3
2 ac
bc
 2
EðeÞ  KðeÞ
" #
ðKðeÞ  EðeÞÞ
( )1
2
ð71Þ
bc
ac
¼ R
00
R0
 1
2 ð72Þ
1
E
¼ 1 l
2
1
E1
þ 1 l
2
2
E2
ð73Þ
Re ¼ ðR0R00Þ
1
2 ð74Þ
where ac and bc are the semi-major and the semi-minor axes of
the contact ellipse; e is the elliptic eccentricity, which is only
related with shape parameters of the ellipse; K(e) and E(e)
are the ﬁrst and second kinds of the complete elliptic integral;
R0 and R00 are both relative main curvature radii; l1 and l2 are
Poisson ratio; E1 and E2 are elastic modulus. The geometric
parameters of the ball head and the inner cone are separately:
R01 ¼ R001 ¼ R1, R02 ¼ 1, R002 ¼ R2= cos h, where h is the cone
angle.
The damping force Fd is determined as follows
20:
Fd ¼ C1dN _dN ð75ÞFig. 4 Schematic diagram owhere C1 is the coefﬁcient of damping.
Then, the local maximum pressure loaded on the contact
ellipse can be determined by19
P0 ¼ 6FNE
2
p3R2e
 1
3ðF1ðeÞÞ

2
3 ð76Þ
Because the time duration of the ﬁrst impact-contact is in a
millisecond level, the tangential friction is simpliﬁed as sliding
contact friction. The friction force in the tangential direction is
obtained by the Columbus model, which is shown as follows:
Fs ¼ lFN ð77Þ
where l is the frictional coefﬁcient.
4. Numerical simulation and analysis
4.1. Ground-based experiment system
The experiment samples are suspended at the air-bearing plat-
forms to obtain at least three freedoms that are necessary for
plane situation. The platforms can move in a setting velocity
that is supplied by the air lubricated linear guide. The
schematic diagram of the experimental system is shown in
Fig. 4.
The aim of this experiment is to get the time history of
acceleration during the docking process. The time history of
the impact force can be calculated indirectly by obtaining the
acceleration time history.21 The type of accelerometer used in
the experiment is KISTLER 8766A500AB, which is an IEPE
(Integrated Electronics Piezo Electric) tri-axial accelerometer
with a frequency range of 0.5 Hz–12 kHz and an acceleration
range of ±500g. Its measurement accuracy at room tempera-
ture is 10 mV/g. The type of data acquisition is DH5927N,
which has 8-channel dynamic signal acquisition modules forf the experimental system.
Fig. 6 Impact force time history.
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pling rate can reach to 256 kHz.
Photos of the experimental system are shown in Fig. 5.
4.2. Simulation and experiment results
The parameter values of the docking model are listed in
Table 1.
In addition, the friction coefﬁcient is deﬁned as l= 0.33.
The 4-order Runge–Kutta method is introduced to solve the
docking model. The time step is deﬁned as Dt= 1 · 106 s.
The results of the theoretical model and experiment are shown
as follows.
4.2.1. Impact force time history
Fig. 6 shows the time history of impact force during docking
process. From Fig. 6, it can be seen that the curves of impact
force versus time obtained by the Kane model and the La-
grange model are almost overlapping. It is not difﬁcult to
understand because the two methods have in fact an inner con-
sistency. The peak values of impact force gotten from the Kane
model, the Lagrange model, and the experiment are respec-
tively 1899 N, 1899 N, and 1888 N. The contact durations of
the ﬁrst impact during the docking process are respectively
1.47 ms, 1.47 ms, and 1.36 ms. The deviations of the theoreti-
cal results relative to the experimental results are in a permis-
sible range. The Lagrange model has been veriﬁed by bothTable 1 Parameters of the docking system.
Chaser satellite Target satellite
m1 = 21.9706 kg m2 = 23.5731 kg
I1 = 0.445kgÆm
2 I2 = 0.5206kgÆm
2
E1 = 7.1705 · 1010 N/m2 E2 = 7.1705 · 1010 N/m2
l1 = 0.3 l2 = 0.3
l= 0.2 m c= 0.0967 m
R1 = 0.015 m, r1 = 0.009 m R2 = 0.015 m
a= 0.1365 m b= 0.0735 m
q= 2740 kg/m3 b= p/4
v10 = 0.2 m/s v20 = 0
Fig. 5 Photos of the experimental system.ﬁnite element simulation and experiment in Ref. 4. The good
agreements of the results from the Kane model, the Lagrange
model, and the experiment method can be a veriﬁcation of cor-
rectness of the proposed modeling method in this paper. The
Kane method, which combines the advantages of vectorial
mechanics and analytical mechanics, is an efﬁcient way to
solve rigid-ﬂexible coupling multi-body dynamical problems.
4.2.2. Inﬂuence of beam ﬂexibility
In this paper, the beam ﬂexibility is changed by changing its
modulus of elasticity. In order to study the inﬂuence of beam
ﬂexibility, two other kinds of docking probe are chosen as the
experiment samples, which are respectively a steel probe and a
nylon probe. The elastic parameters of the three probes are
listed in Table 2.
The pictures of the three experimental samples are shown in
Fig. 7.
The simulation and experiment results are shown in Fig. 8.
From Fig. 8(a), it is known that the peak value of impact
force is proportional to the variation of beam ﬂexibility, while
the contact duration of the ﬁrst impact during the docking pro-
cess is inversely related to the variation of beam ﬂexibility. Its
physical interpretation is presented as follows. The beam ﬂex-
ibility represents its buffering ability of docking impact. When
the elastic modulus of the ﬂexible beam reduces, the enhance-
ment of its ﬂexibility and buffering ability leads to a reduction
of impact force. Moreover, the enhancement of beam ﬂexibil-
ity causes a deeper contact intrusion, which leads to a longer
contact duration. Fig. 8(b)–(d) shows the curves of impact
force time history corresponding to the three kinds of docking
probe. It is known that for each case, three curves gotten from
the Kane model, the Lagrange model, and the experiment
method show a good agreement. It is another veriﬁcation ofTable 2 Elastic modulus of experimental samples.
Material of probe Elastic modulus (109 N/m2)
Steel 210
Aluminium 71.705
Nylon 2.83
Fig. 7 Pictures of the three experimental samples.
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method.
4.2.3. Inﬂuence of initial relative velocity
In the simulation and experiment, eight values of initial rela-
tive velocities, which are from 0.1 m/s to 0.24 m/s, are chosen.
The peak values of impact force and local maximum pressure
versus initial relative velocity are gotten by three methods that
are respectively the Kane model, the Lagrange model, and the
experiment method. In order to make the comparison of these
variables available in one ﬁgure, the amplitudes of the peak
values of impact force and local maximum pressure must be
normalized. Along with the variety of initial relative velocity,
a set of peak values of impact force and local maximum pres-
sure can be obtained. Then, the maximum values of peak val-
ues of impact force and local maximum pressures are chosen as
their own normalization references. The curves of normalized
amplitude versus initial relative velocity are shown in Fig. 9.
In Fig. 9(a), the curves of impact force peak value versus
initial relative velocity obtained by the Kane model and theFig. 8 Inﬂuence ofLagrange model are almost overlapping each other. The slight
deviation of the three curves obtained by the three methods is
shown in the partially enlarged drawing of Fig. 9(b). It shows
that the results of the Kane model, the Lagrange model, and
the experiment show a good agreement on condition that the
initial relative velocity changes. Moreover, the variation trend
of impact force versus initial relative velocity is almost linear.
Its slope is bigger than the curve of local maximum pressure.
Its physical interpretation is presented as follows. With the
increasing of initial relative velocity, the peak value of impact
force as well as the contact area increase. However, the local
maximum pressure is proportional to the peak impact force
and inversely related to the contact area. The simultaneous in-
crease of the contact area leads to the slope reduction of the
local maximum pressure. In the experiment, aluminum is cho-
sen as the material of the docking cone. Its elastic limit is
274 MPa and ultimate strength limit is 412 MPa. The normal-
ized relationship between the local maximum pressure and the
material strength characteristic are also shown in Fig. 9(a). It
can be concluded that the initial relative velocity should be lim-
ited to a certain value, which is about 0.13 m/s in Fig. 9(a).
When the initial relative velocity is beyond this value, the
docking impact will cause some damage on the inner surface
of the cone. From Fig. 9(a), it can be known that the local
maximum pressure corresponding to the speed of 0.2 m/s is
about 1.2 times more than the ultimate strength limit of the
cone material. Therefore, the docking impact at such a rate will
cause some damage on the inner cone, which is shown in
Fig. 10.
The damage trace can be seen more clearly in the partially
enlarged drawing, which is in the right-upper corner of Fig. 10.
It veriﬁes the correctness of the conclusion obtained frombeam ﬂexibility.
Fig. 10 Damage trace on the inner cone.
Fig. 9 Inﬂuence of initial relative velocity on impact force and
pressure.
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space docking operation should be controlled to a certain
value in order to protect the docking system.5. Conclusions
(1) The agreement of the Kane model, the Lagrange model,
and the experiment results veriﬁes the correctness of the
space ﬂexible docking dynamical model proposed in this
paper. The introduction of vectorial mechanics and ana-
lytical mechanics in the Kane method leads to a large
reduction of differential operations and makes the mod-
eling process much easier than that of the Lagrange
method.
(2) The peak value of impact force is proportional to the
variation of beam ﬂexibility, while the contact duration
of the ﬁrst impact during the docking process is inversely
related to the variation of beam ﬂexibility.
(3) The variation trend of impact force versus initial relative
velocity is almost linear. Its slope is bigger than the
curve of local maximum pressure.
(4) The initial relative velocity of space docking operation
should be controlled to a certain value in order to pro-
tect the docking system.
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